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b(q,u) = 0
∀(v, q) ∈ [H10 (Ω)]
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a(u,v)
def
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(uh, ph) ∈ W
k
h
HFu®uw
A
(
(uh, ph), (vh, qh)
)
= F
(
(vh, qh)
)
, ∀(vh, qh) ∈ W
k
h ,
ÆÚÉÊ
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A
(
(uh, ph), (vh, qh)
) def
= ah(uh,vh) + bh(ph,vh) − bh(qh,uh)
+ ju(uh,vh) + jp(ph, qh),
ÆbÈÊ
ah(uh,vh)
def
= a(uh,vh) − 〈2νε(uh)n,vh〉∂Ω − 〈uh, 2νε(vh)n〉∂Ω
− 〈β · nuh,vh〉∂Ωin +
〈
γν
ν
h
uh,vh
〉
∂Ω
+
〈
γn max
{
|β|,
ν
h
}
uh · n,vh · n
〉
∂Ω
,
ÆÚÅÊ
bh(ph,vh)
def
= b(ph,vh) + 〈ph,vh · n〉∂Ω ,
ÆÚ¦Ê
ju(uh,vh)
def
=
∑
K∈Th
γβ
h2K
‖β‖0,∞,K
∫
∂K
(βh · J∇uhK) · (βh · J∇vhK) ds
+
∑
K∈Th
γdivh
2
K‖β‖0,∞,K
∫
∂K
J∇ · uhKJ∇ · vhK ds,
ÆÇ[ªÊ
jp(ph, qh)
def
=
∑
K∈Th
γpξ(ReK)
h2K
‖β‖0,∞,K
∫
∂K
J∇phK · J∇qhK ds,
ÆÇmÇTÊ
F
(
(vh, qh)
) def
= (f ,vh),
n
uym¶m®Hº e} P }xPmH
∂Ω
Ãm ww}º 
uy Fº 
ReK
def
=
‖β‖0,∞,KhK
ν
, ξ(λ)
def
= min{1, λ},
〈x, y〉∂Ω
def
=
∑
e⊂∂Ω
∫
e
xy ds, ∂Ωin
def
= {x ∈ ∂Ω : (β · n)(x) < 0}.
t3uwy¨y e(x2yxP*y[}Ìy¼uyyHeyT'E
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w}yT}}ºwº×Öm w×º ÝÆÔ}uy%}y[m w}x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mº yTº Á}uy
}mx
y¹Úuwº 
m w}uw¼yT}}y e}P}uyCmFmy e(x2ÁHy[}mL[ ½wººÐ[y% º wmººw}Ìm·myTÖ
2HmFy¨}y[}xÂ2{ %}um§HyP m}yTÁuw¹Ô}uyÖ[m}yCm¹s}uwyPº wmx2y[y
À¼nÌºy[Íe}·myT
yTewº w2×x
mue®"yÏÌ emmywC}Ò}w}º}}y½uy½}y[}xM e}mº Ý}uyÖx2wÖ X}uy
ºÌymy Hy2Ïuy®m}[y[%ewy[mºÐ ½}y[}x
(γdivh∇ · uh,∇ · vh)
º Ûy}
·yy[Ï¶* Áuy2w H¶*×uÏm¹}uy2xP}º¸6Â DL¶yÌyL¹Ôx
}y
x
wºy¸Á}yxPwFu§m¨º¶3Í
OÏmFuw¶9uy3x2}yx 3y¸"y[}y[
uHnÌmyx2yÌ emmyTÂ
A }}x2º wÓ}@?Öy ePymwm}º§m¹1uyy¸m2}m}m Î}uwymHÌyÖ¹Ô}xC}m Î2}m º
m w}y e[Â
å)(+*5åÙí
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(u, p)
$, @
	  4 ÆÇTÊ <7%
 -,. 
97
[H3/2+ε(Ω)]d+1
	-,
ε > 0
!/ %
(uh, ph) ∈ W
k
h
<7#-,. @
	+ 4 ÆÚÉÊ  ,
A
(
(u − uh, p− ph), (vh, qh)
)
= 0, ∀(vh, qh) ∈ W
k
h .
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ym w}y[ey[ wy<¹uy3m Hy w¹uym wm%Ñmºy[}· x2y}uw
m wÏ}uy2¹Ú,}uw wy[}uyPy×½m}x2}m w
jp(p, qh) = 0
 w
ju(u,vh) = 0
Ã+} wy
J∇pKe = 0
 w
J∇uKe = 0
¹ÔmLmº6 e}y[}m*yTmyT
e
Â

 C	AF	HG %Ò	A $M	P
wº×Cº 
uyLy[myLwººÐTº Cx2yu2wm}y[
m 
uy3¹Ômº¶* yx2xP¶*uFu2¶3m`w}Ìy[
¹Ôsy[y¶*y¼º yT<m e} mHsw}n¸xP}m 
 Ï¾ È[ËbÂD1yy1¶yLy¸}y[ wPusy[}º}
×m}
"m mx2symyyÂÀ1yP}uwC¶yÖmÌmyÖ¶y"m HÕm¶ybÂt3uw%% % wyy[y[Ý¹Ôm%}uy
m w[Ãew1uw¶L}uw3 ½x2y}y Hy¨}uwyFºÐ 
}y[}xP*m}ym}x2mVÂ
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π∗h : [H
2(Th)]
d −→ [V kh ]
d
 /&7. 
γβ

γlow
/K89/	'  -,.J%7!& C,K7&('   / ,#93 & 	/=(= 7  <'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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γlowjβ(vh,vh) ≤ ‖h
1
2
(
βh · ∇vh − π
∗
h(βh · ∇vh)
)
‖20,Ω ≤ jβ(vh,vh)
4 
vh ∈ [V
k
h ]
d
* , 
jβ(vh,vh) = γβ
∑
K∈Th
∫
∂K
h2K |βh · J∇vhK|
2 ds.
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  m¨y[FuÁ y
xi
Ã6ºy
ni
"y
}uy
 x%"y¹<yyx2y em emº  
xi
m¨® wymÂt3uy[ 
¶yy2H y2Hm}×Í º eyHm 
π∗h
¹Aymyy
k

π∗hv(xi)
def
=
1
ni
∑
{K : xi∈K}
v|K(xi), ∀v ∈ [H
2(Th)]
d.
wm*yTmFu®y[ºy[x2y e
K ∈ Th
m Hyuy¹Ô w}m 
δK
def
= h
1
2
K
(
βh · ∇vh|K − π
∗
h(βh · ∇vh)|K
)
.
M<y[m}mÃ
δK(xj) = 0
¹ÔmLyTmFuº eyº* y
xj ∈
◦
K
¶*uyy[*m }uwyyyx2y eLyTmyTÃbÂ ymÂ<¹Ôm1mº
 wy[
xj ∈ ∂K
Ã¶<yuwnÌy
δK(xj) = h
1
2
K
1
nj
∑
{K′ : xj∈K′}
βh ·
(
∇vh|K(xj) −∇vh|K′(xj)
)
= h
1
2
K
1
nj
∑
{K′ : xj∈K′}
∑
e∈P (K,K′)
βh(xj) · J∇vhKe(xj),
ÆÇT©mÊ
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P 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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¶*uwyy
P (K,K ′)
F wws¹Ôsuyym¹+y[my[<"y¶yy 
K
m w
K ′
ÆÙ}uwy¨}um}}yTwuHÊ,Â`ÜÝy ¶
 e}wy¨uy}y¹Ôyy wy¼y[ºy[x2y e
K̂
 w6Ã¹Ôm*y[Fu
K ∈ Th
Ã}uy?2 wyx2m 
FK(x̂) = BK x̂ + bK , ∀x̂ ∈ K̂,
}wFuÏ}uw
FK(K̂) = K
Â wmºmÃ5y
ϕKj
ÃB¹Ô
j = 1, . . . , k
Ã6uy2wm}1¹Ôw w,º wm 
K
Â2º Hy
δK(xj) = 0
¹Ôm<y[Fu
 e}y[}m wy
xj ∈
◦
K
Ã
‖δK ◦FK‖
2
0,∂K̂
= 0
x2ºyT`}uH
δK ◦FK = 0
 
K̂
Â
t3uwyy¹ÔmymÃ6§y[eÌnmºy[ wy2m¹< }xPm Õy}yP}wmy[[Ã6w}º Ám wFÝ}[º mwx
y[ e
ÆVy[y2¾ ©ÇÃ5Â¦ÉËÔÊ<m wÝÆÇT©Ê,Ãº*¹Ôm¶Lsuw
‖δK‖
2
0,K = detBK‖δK ◦ FK‖
2
0,K̂
≤ C detBK‖δK ◦ FK‖
2
0,∂K̂
=
∫
∂K̂
1
|B−TK n̂|
|δK ◦ FK |
2 detBK |B
−T
K n̂| dŝ
︸ ︷︷ ︸
ds
≤ C|BTK |
∫
∂K
|δK |
2 ds
≤ ChK
∫
∂K
|δK |
2 ds
≤ ChK
∫
∂K
k∑
j=1
|δK(xj)|
2(ϕKj )
2 ds
≤ Ch2K
∫
∂K
k∑
j=1
1
nj
∑
{K′ : xj∈K′}
∑
e∈P (K,K′)
|βh(xj) · J∇vhKe(xj)|
2(ϕKj )
2 ds
≤ Ch2K
∫
∂K
k∑
j=1
1
nj
∑
e∈E(K)
|βh(xj) · J∇vhKe(xj)|
2(ϕKj )
2 ds
≤ Ch2K
∑
e∈E(K)
∫
e
|βh · J∇vhKe|
2 ds,
¶*uwyymÃw ½uy¶P¼º yTew×ºyTÃ
E(K)
y[ y[*uyC}y¨¹`y[my[1m eF º w®x2y ym¹
K
Â¼|¼ }uyCuy¼uw w5Ãwuy%Hm}+ymwm}º®m¹
Th
x
wºy[L}uw1}uwy%xP¸x%x  x%"y
m¹+}y Hy[<¹(%yTmy¨ mº"}uwy}yF
E(K)
H wyT®Ö 2¸y[m HF e wy[Hy[ wy[ *m¹
hK
Ât3uy +Ãewx
xP}m m 
K
Ã¶ymy3uy"yL"mw w
‖h
1
2
(
βh · ∇vh − π
∗
h(βh · ∇vh)
)
‖20,Ω ≤ C
∑
K∈Th
h2K
∑
e∈E(K)
∫
e
|βh · J∇vhKe|
2 ds,
≤ C
∑
K∈Th
∫
∂K
h2K |βh · J∇vhK|
2 ds,
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t3uwy¶yAH w%¹Ômº¶LA wy[} ¼}uy
L2
Íb wmx¡¹uyL}m e} mw+¹Ô w}m 
δ
Ìy}uy
y¹Ôy[}y[ wyHFu
Ĝ
m w}º Pm¹(}uyC}y¹Ôyy wyyyx2y e
K̂
 wº1 y[m}yTL y[ºuH[Â M<ºyTº
º¹
‖δ‖Ĝ = 0
uy 
βh · ∇vh = π
∗
hβh · ∇vh
 
Ĝ
Â`t3u<x
yT ws}uH
βh · ∇vh
 e} ewmw<º 
Ĝm w2uy[ wy ∑
e∈E(K)
∫
e hKJβh ·∇vhK
2 ds = 0
ÂDLy[ wy¼
 wmx yTwºÌy HyL ®}}y}y1}wmy[
¶yuwnÌmy
∑
e∈E(K)
∫
e
Jβh · ∇vhK
2 ds ≤ ‖δG‖
2
0,G
t3uwymºx.uy Î¹Ômº¶LC Òuy½}mx
y¹Úm}um ÒC}uy 2wF2wm2¹Luyem¹1Û}[º w§ H
y¸}y Hm }P5m¹
Th
Â
:¼ uy1x2y3}yTFu wy*¶<y*x2x
yT}y[º
uwnÌy3}uy3¹Ôº¶*º wmm¶*uyy3¹Ôms}x
wº,Í
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‖h
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2
(
∇ · vh − π
∗
h(∇ · vh)
)
‖20,Ω ≤ γdiv
∑
K∈Th
∫
∂K
h2KJ∇ · vhK
2 ds,
‖h
1
2
(
∇qh − π
∗
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‖20,Ω ≤ γp
∑
K∈Th
∫
∂K
h2K |J∇qhK|
2 ds,
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W kh
E
|||(vh, qh)|||
2 def
= ‖σ
1
2 vh‖
2
0,Ω + ‖ν
1
2∇vh‖
2
0,Ω + ju(vh,vh) + jp(qh, qh) + ‖|β · n|
1
2 vh‖
2
0,∂Ωin
+ ‖γ
1
2
ν (ν/h)
1
2 vh‖
2
0,∂Ω + ‖γ
1
2
n max
{
|β|,
ν
h
} 1
2
vh · n‖
2
0,∂Ω,
|||(vh, qh)|||
2
∗
def
= |||(vh, qh)|||
2
+ ‖qh‖
2
0,Ω,
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ah(vh,vh) + ju(vh,vh) + jp(qh, qh)
︸ ︷︷ ︸
A
(
(vh, qh), (vh, qh)
)
≥ C|||(vh, qh)|||
2,
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k
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ah(vh,vh) + ju(vh,vh) + jp(qh, qh) ≥ ‖σ
1
2 vh‖
2
0,Ω
+ 2‖ν
1
2 ε(vh)‖
2
0,Ω + ju(vh,vh) + jp(qh, qh) +
1
2
‖|β · n|
1
2 vh‖
2
0,∂Ω
+ ‖γ
1
2
ν
(ν
h
) 1
2
vh‖
2
0,∂Ω + ‖γ
1
2
n max
{
|β|,
ν
h
} 1
2
vh · n‖
2
0,∂Ω − 〈4νε(vh)n,vh〉∂Ω
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cI
2γν
‖ν
1
2 ε(vh)‖
2
0,Ω +
1
2
‖γ
1
2
ν
(ν
h
) 1
2
vh‖
2
0,∂Ω.
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l ≥ 1
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∑
K∈Th
‖hl∇πhu‖
2
l,Ω ≤ C‖u‖
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∑
K∈Th
‖hlK∇πhu‖
2
l,K ≤ C‖∇πhu‖
2
0,Ω ≤ C‖u‖
2
1,Ω.
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|||(u − πhu, p− πhp)||| ≤ C
(
σ
1
2 hk+1 + max
{
ν, ‖β‖0,∞,Ωh
} 1
2 hk
)
‖u‖k+1,Ω
+ C max
K∈Th
‖β‖
− 1
2
0,∞,Kh
k+ 1
2 ‖p‖k+1,Ω,
	-,
C > 0
 77 $/K89/	'  
γν

γn

γβ

γdiv
 /
γp
 
  5C4
  z®}uy HF®y[}m3yTºxPy¨¹Ôm3}uwy
L2
Í yT,}m ÝÆÚ}yy2¾ÇnÈ[ËÔÊ¶<yuHnÌmy
‖σ
1
2 (u − πhu)‖0,Ω ≤ Cσ
1
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‖ν
1
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1
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1
2 hk‖u‖k+1,Ω.
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e⊂∂Ω
(
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2
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2
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)
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∑
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∫
∂K
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2 ds
+ γdivh
2
K‖β‖0,∞,K
∫
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h2K‖∇(ihu− πhu)‖
2
0,∂K
≤ C‖β‖0,∞,Ω
∑
K∈Th
(
hK‖∇(ihu− πhu)‖
2
0,K + h
3
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σ
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‖u‖k+1,Ω
+ C max
K∈Th
‖β‖
− 1
2
0,∞,Kh
k+ 1
2 ‖p‖k+1,Ω,
	-,
C > 0
 7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 $/K89/	'  
γν

γn

γβ

γdiv
 /
γp
 
  5C4
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yTx
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(u − uh, p− ph)
º ¶
H}
u− uh = u− πhu
︸ ︷︷ ︸
e
π
+πhu − uh
︸ ︷︷ ︸
−eh
= eπ − eh,
p− ph = p− πhp
︸ ︷︷ ︸
yπ
+πhp− ph
︸ ︷︷ ︸
−yh
= yπ − yh.
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|||(u − uh, p− ph)||| ≤ |||(e
π, yπ)||| + |||(eh, yh)|||.
¿+yx2xPÏ¥HÂ ©ÏmÌmyT2 ÒyTºxP}y¹Ôm
|||(eπ, yπ)|||
Ã<uy Hy×Ö}@?ÖyT%Õw
|||(eh, yh)|||
Â :1}º 
yFÌeºÖ Humm wmººmÃ¿5y[x2x2*¤Âô©%m w½©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C|||(eh, yh)|||
2
≤ A
(
(eh, yh), (eh, yh)
)
= A
(
(eπ, yπ), (eh, yh)
)
= ah(e
π, eh) + bh(y
π, eh) − bh(yh, e
π)
+ ju(e
π, eh) + jp(y
π, yh)
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y[º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ah(e
π, eh) ≤ |||(e
π, 0)||||||(eh, 0)||| + |(e
π,β · ∇eh)|
− 〈2νε(eπ)n, eh〉∂Ω − 〈e
π, 2νε(eh)n〉∂Ω ,¶*uwyymÃ6¹Ôx2ººmÃ}uwyPH wm}½yx ¹Ômx«uyP y}m ÏÁH}uwHy[y Õ wwyT
 }uwy 2wF1}yxEm uy%ºue1uw H½ymÂ*ÜÝy% w}y}uw¼ ½}uy
}mx2y¶n¶<y%uwnÌmyÃww}º wP}uy
MmwFueÍµFu¶3ÐL y[ewmººmÃC}Fmyº yTew× w2º[6 eÌyFy¨ y[ewmººmÃ
〈2νε(eh)n, e
π〉∂Ω ≤ C|||(eh, 0)||||||(e
π, 0)|||.
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Fu¶3Ð% y[ewmººÁ¹Ôº¶<yTÏÓ}Fmy
 yTH×®m w n¸ºxP}m m}x2y e[Ã}x
}ÁÆÇ[ÉmÊµÍFÆÇnÈÊÃ}Pmº 
〈2νε(eπ)n, eh〉∂Ω ≤ Cν
1
2 hk‖u‖k+1,Ω|||(eh, 0)|||.
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Í y[}m 5Ã6¹Ù}yuHnÌe }y[yT½}uwy2m e} mH¼Ìyº 2wy
β
½ºy[y¶*y2º wy[
 e}y[}"m e
βh
Ã
|(eπ,β · ∇eh)| ≤ |(e
π, (β − βh) · ∇eh)| + |(e
π,βh · ∇eh)|
≤
∑
K∈Th
‖β‖1,∞,K‖e
π‖0,KhK‖∇eh‖0,K
+ |(eπ,βh · ∇eh − π
∗
h(βh · ∇eh))|
≤ C
‖β‖1,∞,Ω
σ1/2
hk+1‖u‖k+1,Ω|||(eh, 0)|||
+ ‖h−
1
2 e
π‖0,Ω‖h
1
2 (βh · ∇eh − π
∗
h(βh · ∇eh))‖0,Ω.À1¶¶y®¿+yx2xPP¤ÂÇ1PmF 
‖h−
1
2 e
π‖0,Ω‖h
1
2 (βh · ∇eh − π
∗
hβh · ∇eh)‖0,Ω ≤ ‖h
− 1
2 e
π‖0,Ω‖β‖
1
2
0,∞,Ωju(eh, eh)
1
2
≤ C‖β‖
1
2
0,∞,Ωh
k+ 1
2
|‖u‖k+1,Ω|||(eh, 0)|||.
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ah(e
π, eh) ≤ C|||(e
π, 0)||||||(eh, 0)|||
+ Cν
1
2hk‖u‖k+1,Ω |||(eh, 0)|||
+ C
‖β‖1,∞,Ω
σ1/2
hk+1‖u‖k+1,Ω|||(eh, 0)|||
+ C‖β‖
1
2
0,∞,Ωh
k+ 1
2 ‖u‖k+1,Ω|||(eh, 0)|||.
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ÍbyT,º m w}y[m 
u¶*º}u
p
 ÓÆÇT£ÊÃ
bh(y
π, eh) = −(y
π,∇ · eh − π
∗
h(∇ · eh)) + 〈y
π, eh · n〉∂Ω
≤ ‖h−
1
2 yπ‖0,Ω‖h
1
2 (∇ · eh − π
∗
h(∇ · eh))‖0,Ω
+ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
} 1
2
‖yπ‖0,∂Ω|||(eh, 0)|||
≤ C max
K∈Th
‖β‖
− 1
2
0,∞,K‖h
− 1
2 yπ‖0,Ωju(eh, eh)
1
2
+ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
} 1
2
hk+
1
2 ‖p‖k+1,Ω|||(eh, 0)|||
≤ C max
K∈Th
‖β‖
− 1
2
0,∞,Kh
k+ 1
2 ‖p‖k+1,Ω|||(eh, 0)|||.
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bh(yh, e
π) = −(yh,∇ · e
π) + 〈yh, e
π · n〉∂Ω = (∇yh, e
π)
= (∇yh − π
∗
h(∇yh), e
π)
≤ ‖h
1
2 (∇yh − π
∗
h(∇yh))‖0,Ω‖h
− 1
2 e
π‖0,Ω
≤ Ch−
1
2 max
K∈Th
{ν, ‖β‖0,∞,KhK}
1
2 jp(yh, yh)
1
2hk+
1
2 ‖u‖k+1,Ω
≤ Cmax{ν, ‖β‖0,∞,Ωh}
1
2 |||(0, yh)|||h
k‖u‖k+1,Ω.
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ju(e
π, eh) + jp(y
π, yh) ≤ C|||(e
π, yπ)||||||(eh, yh)|||.
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(u, p) ∈ [Hk+1(Ω)]d+1
I4Q'& 
k ≥ 1
 <7Q'@
	 C4 ÆÇnÊ  /
(uh, ph)<7 ,#'3@ 	  4 ÆVÉmÊ ;-,.' -,.' #,. / 
‖p− ph‖0,Ω ≤ C
(
h+ max{ν, ‖β‖0,∞,Ωh}
1
2
)
hk
(
‖p‖k+1,Ω + ‖u‖k+1,Ω
)
,
	-,
C > 0
 .*	 /K89/=' 4
h
/
ν
 
  5C4
  wmº¶* ¾ô©ÇÃ M<}ºÖ©Â ¥Ë Ã}uy[}yy¸
vp ∈ [H
1
0 (Ω)]
d }wFu®uw
∇ · vp = p− ph, ‖vp‖1,Ω ≤ C‖p− ph‖0,Ω.
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:¼ 
}uw* ½x% wº ®¶*º}uÁÑy·º m}}uwmm wº
¶y}yTmÖmF 
‖p− ph‖
2
0,Ω = (p− ph,∇ · vp)
= (p− ph,∇ · (vp − πhvp)) + 〈p− ph, πhvp · n〉∂Ω
+ ah(u − uh, πhvp) + ju(u− uh, πhvp).
t3uw[Ã y} Cw}[Ã×*¹Ôº¶L}uw
‖p− ph‖
2
0,Ω = (∇(p− ph),vp − πhvp)
︸ ︷︷ ︸
I
+ ah(u− uh, πhvp)
︸ ︷︷ ︸
II
+ ju(u− uh, πhvp)
︸ ︷︷ ︸
III
.
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I = (∇(p− ph) − πh∇p+ π
∗
h∇ph,vp − πhvp)
≤
(
‖h(∇p− πh∇p)‖0,Ω + ‖h(∇ph − π
∗
h∇ph)‖0,Ω
)
‖h−1(vp − πhvp)‖0,Ω
≤ C
(
hk+1‖p‖k+1,Ω + max{ν, ‖β‖0,∞,Ωh}
1
2 jp(ph, ph)
1
2
)
‖p− ph‖0,Ω.
M< w}y[L ¶}uyCyTm Hm w}uwºF}y[}xP* ÛÆV©£ÊÂ :1} P}uwy%y2H ×º ½¹(}uwyº y[m*¹Ômx
ah
ÆVÅÊ,Ãw¶<yuwnÌymÃ¹Ùy* e}y}m e®w}3 }uym ÌmyT,}Ìmy¼}y[}xÃ
II + III ≤ |||(u − uh, 0)||||||(πhvp, 0)||| + (u− uh,β · ∇πhvp)
− 〈2νε(u − uh)n, πhvp〉∂Ω − 〈u − uh, 2νε(πhvp)n〉∂Ω.
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}uwy
H1
Fºº®m¹+uy
L2
ÍbyT,º  H§Æb©¥eÊÃ
(u − uh,β · ∇πhvp) ≤ ‖β‖0,∞,Ω‖u− uh‖0,Ω‖∇πhvp‖0,Ω
≤ C‖β‖0,∞,Ω‖u− uh‖0,Ω‖p− ph‖0,Ω.
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t3uwy¨"mw wPyx2*m}ym e}mºyTÖ }uy¹Ôº¶*º w%¹Úum 
〈2νε(u − uh)n, πhvp〉∂Ω + 〈u − uh, 2νε(πhvp)n〉∂Ω
≤ ‖(2νh)
1
2 ε(u − uh)‖0,∂Ω‖(2ν)
1
2 h−
1
2 πhvp‖0,∂Ω
+ ‖(2νh)
1
2 ε(πhvp)‖0,∂Ω‖(2ν)
1
2 h−
1
2 (u − uh)‖0,∂Ω.
{µ ½º}m 5Ã¶yuwnÌmy
‖(2νh)
1
2 ε(u − uh)‖0,∂Ω ≤ ‖(2νh)
1
2 ε(u − πhu)‖0,∂Ω
+ ‖(2νh)
1
2 ε(πhu − uh)‖0,∂Ω,
¶*uwyy¼uy 2wF3}y[}x }} 2Hy[[ÃeH P yyx2y e¶*y¨y¨º yTew×Ö¹Ômº¶y[®en¸ºxPÍ
º 5Ã
‖(2νh)
1
2 ε(u − πhu)‖0,∂Ω ≤ Cν
1
2hk‖u‖k+1,Ω,
m w®}uy}y[m w6ÃH PC}Fmy y[ewmººP¹Ôº¶<yT®®
6 Ìmy[}y¼ yTH×Ã
‖(2νh)
1
2 ε(πhu− uh)‖0,∂Ω ≤ C|||(πhu− uh, 0)|||.
{µ uy}mx
y¨¹Úum ¶ym Hwy¨}uw
‖(2ν)
1
2h−
1
2πhvp‖0,∂Ω ≤ C|||(πhvp, 0)|||,
m w
‖(2νh)
1
2 ε(πhvp)‖0,∂Ω ≤ C|||(πhvp, 0)|||.
ÜÝyy H®uyem¹® w} 
}uH
|||(πhvp, 0)||| ≤ C‖p− ph‖0,Ω. 
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u ∈ [H2(Ω)]d

p ∈ H1(Ω)
{µ ®}uyy1¶<y% w3uwnÌmy*uy¨yTBymwm}ºC}}x2y[P Öuy¨}y[Ìºwuy}y[x ¶<y¨ºBmy
}xPyyTºxPy[sº 2uyL¶Î"*y w` x%"y<}y[mx
yÂAt3uwyLxP Ö Byy Hy3¹Ômx
uy"m eL¹`Ìºy[¶m¹`m w3*}uH*}uwyy[yFºÐT}m yx uw3}P"y}yT}yTmLm 
 wm w}}y[ eyxÂ`Ü ×uuLx }uwy¹Ômº¶* 2ºy[x2x2
¶*º+}Ìy¼Hy¹Ô
 <ß  Û²  !  '
p ∈ H1(Ω)
-,.'
jp(πhp, πhp) ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
}
h‖p‖21,Ω.
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¥HÂºÇÂ
M<y[m}¶*uy[ CuyLLy m` xCHy[`º¶Î¶<y*uwnÌy
jp(πhp, πhp) ≤ Ch
2‖p‖21,Ω
Â wy
p
 º my[¼uHm¼}uy2ym}º}yTeºy[½¹Ôm
jp(p, p)
xPm·my2y[ wyC}uwyC}yC wmx x%wHy
y[y2w yT6Â(Ü§y}x
wºwyC}ºy wmx¶*×um*}uyy[}}y¨"y wm×PyxÃ wx2y[ºÃ
|||vh|||
2
u
= ‖σ
1
2 vh‖
2
0,Ω + ‖ν
1
2∇vh‖
2
0,Ω + jv(vh,vh) + ‖|β · n|
1
2 vh‖
2
0,∂Ωin
+ ‖(γνν)
1
2h−
1
2 vh‖
2
0,∂Ω + ‖γ
1
2
n max
{
|β|,
ν
h
} 1
2
vh · n‖
2
0,∂Ω,
¹ÔL
vh ∈ [V
k
h ]
d Â
 <ß  Û²    ¬     ± ã   Û²­  'Ô° à  '
u ∈ [H2(Ω)]d
-,.'+-,.' #,.%/ 
|||u− πhu|||u ≤ C
(
σ
1
2h2 + max
{
ν, ‖β‖0,∞,Ωh}
1
2 h
)
‖u‖2,Ω,
  5C4
  {y e}mB}2}uwy}m¹¹(¿5y[x
xP2¥HÂ ©Â

  ßã ± ß    !  
(u, p) ∈ [H2(Ω)]d ×H1(Ω)
<7Q,Q'@
	  4 ÆÇ[Ê /
(uh, ph) ∈ W
k
h
<7
-,. '@
	  4 ÆÚÉeÊ ;-,.'
|||u− uh|||u ≤ C
[(
σ
1
2 +
‖β‖1,∞,Ω
σ1/2
)
h2 + max{ν, ‖β‖0,∞,Ωh}
1
2h
]
‖u‖2,Ω
+ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
} 1
2
h
1
2 ‖p‖1,Ω.
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}º wyÖ}uwy®¹*uyyÖºÌ Ï}HyT¹Ôw% Õu¶ }½}yTuy® wm Í
m w}y e¼ e}ym1"y Hºyx ¹Ôm¼}uy
y[ymÂ A ¼º Ï}uy
yÌmw¼m}y%º¼.?Pºy[ e1}
w}Ìy1uy eÌymy[ wy¼¹
eh = uh − πhu
Â
:¼ Öy[ºÌºÁÆÚ¿5y[x2x2P¤wÂ ©mÊ3myÌºw}º®m w}yTº C}uH
|||(eh, yh)|||
2
= |||eh|||
2
u
+ jp(yh, yh),
¶*uwyy
yh = ph − πhp
Ã¶yuwnÌmy
C|||(eh, yh)|||
2 ≤ ah(eh, eh) + ju(eh, eh) + jp(yh, yh).
Æb©ÈÊ
t3uwy¨x2%2wy[½Ñmºy[}· umm wmºº
·y[uy¹Ômx
ah(uh − u,vh) + bh(ph − p,vh) + ju(uh − u,vh)
− bh(qh,uh − u) = −jp(ph, qh),
Æb©ÅÊ
¹ÔL
(vh, qh) ∈ W
k
h
Â;:¼ P ¶ ÆV©mÅmÊº ÕÆb©ÈÊ¶yuwnÌmy
C|||(eh, yh)|||
2
≤ ah(e
π, eh) − bh(y
π, eh) + bh(yh, e
π) + ju(e
π, eh)
− jp(πhp, yh).
Æb©¦Ê
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RSTEH
ÇTÅ " @&   ) 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t3uwy 2wF¼¹Ô¨}yxP¨º §}uy2ºue¨uwm wÏ}yCm¹2Æb©¦mÊ¨m}yC}y[}y[Ïm¨º §}uwy
w}¹m¹t3uy[myx
¥HÂºÇmÂt3u3y
ah(e
π, eh) ≤ C
(
|||(eπ, 0)||| + ν
1
2h‖u‖2,Ω +
‖β‖1,∞,Ω
σ1/2
h2‖u‖2,Ω
+ ‖β‖
1
2
0,∞,Ωh
3
2 ‖u‖2,Ω
)
|||(eh, yh)|||,
bh(yh, e
π) ≤ Cmax{ν, ‖β‖0,∞,Ωh}
1
2h‖u‖2,Ω|||(eh, yh)|||,
ju(e
π, eh) ≤ |||e
π|||
u
|||(eh, yh)|||.
wm3uyyT wÖuyx ÕÆV©¦Ê¶<y 2wFLy[["}uw
(yπ,∇ · eh) ≤ ν
− 1
2 ‖yπ‖0,Ω|||(eh, 0)|||
≤ C
h
ν
‖p‖1,Ω|||(eh, 0)|||,
m wPuy[ wyÃPx%  uyTºxPº Ö¶*º}uPuy¼ yLw} uyLy[Fu ey1m¹¨Æb©Ç[Ês¶<y1mF 
bh(y
π, eh) ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
} 1
2
h
1
2 ‖p‖1,Ω|||(eh, yh)|||,
A wmÃ¹Ôm3uy w w}y e3}y[}x uwnÌmy¨ ÓÆb©¦mÊ¶yuwnÌy
jp(πhp, yh) ≤ jp(πhp, πhp)
1
2 jp(yh, yh)
1
2
≤ jp(πhp, πhp)
1
2 |||(eh, yh)|||
m w¶<y wwy®m m[º m¹(¿+yx2xPC¥HÂ ¤C
yTºxP}y
jp(πhp, πhp)
1
2
Â
t3uy1¹Ômº¶* %mmm}% Px2x
yT}y¨ wyTey wyL¹6uy¼mHÌyL eÌymy[ wy* H}Â
  ã ± ã ' 'Ú²± à    
(u, p) ∈ [H2(Ω)]d ×H1(Ω)
<7 , '@ 	 C4 ÆÇTÊ 
(uh, ph) ∈ W
k
h
<7 -,.
'@ 	  4 ÆÚÉÊ  /
yh
def
= ph − πhp
  ,.'  ,  %$K	 Q 77 
C > 0
	/=9.' /K  4
h)7, -,.
jp(yh, yh)
1
2 ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
} 1
2
h
1
2 ‖p‖1,Ω
+ C
(
1 + max{ν, ‖β‖0,∞,Ωh}
1
2
)
h‖u‖2,Ω,
jp(ph, ph) ≤ Cjp(yh, yh).À1¶¶yF}y2 Ìmymy[ wy¼}yTw×3¹Ôm3uyy[w}yÂ
  ßã ± ß       
(u, p) ∈ [H2(Ω)]d ×H1(Ω)
*<  '@
	  4 ÆÇTÊ  /
(uh, ph)
<7 -,. 7 '6

9/	 ; 	8 '%& ';'@ 	 C4 ÆVÉÊ -,.'+-,.'  ,. / 
‖p− ph‖0,Ω ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
h
ν
}
} 1
2
h
1
2
(
‖p‖1,Ω + ‖u‖2,Ω
)
.
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uy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y eAx2wLm Ìmy[}y[[Â
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ºxP
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Beymy[}xPyÖ¹ÔmCÌmy[ººÏ¶*uwy Õuy®
Ly m3 xCHy[*3¶Â
  ßã ± ß      
(u, p) ∈ [H2(Ω)]d ×H1(Ω)
<7Q,Q'@
	  4 ÆÇ[Ê /
(uh, ph) ∈ W
k
h
<7
-,. '@
	  4 ÆÚÉeÊ     7@&( ,
‖β‖0,∞,Ωh ≤ ν,
ÆÚ¤ªÊ
 /N,$, '3@ 	
(ϕ, ψ)
C4 , K/'	 P9  K< &



σϕ− β · ∇ϕ− 2ν∇ · ε(ϕ) −∇ψ = u− uh
	
Ω,
∇ · ϕ = 0
	
Ω,
ϕ = 0

∂Ω,
ÆV¤ÇTÊ
<7'%' 
[H2(Ω)]d × [H1(Ω)]
 /  	   $
‖ϕ‖2,Ω + ‖ψ‖1,Ω ≤ C‖u − uh‖0,Ω.
ÆV¤©mÊ
, ,  %$=	   &7. 
C > 0
	/=9.' /K C4
h
)7, -,.
‖u− uh‖0,Ω ≤ Ch
2
(
‖u‖2,Ω + ‖p‖1,Ω
)
.
  5C4
  O½º}º Õuy 2wF®y[ew}m  ¹ÝÆÚ¤ÇTÊP
u − uh
 wKuy§}y[m wX
−(p − ph)
Ã
 e}y[mF} 
Öw}*m ww 2uyx232wyTÑmºy[}· umm wmººÁÆV©mÅÊÃ×¹A¹Ôm¶Lsuw
‖u− uh‖
2
0,Ω = ah(u − uh, ϕ) + bh(p− ph, ϕ) − bh(ψ,u − uh)
= ah(u − uh, ϕ− πhϕ) + bh(p− ph, ϕ− πhϕ) − bh(ψ − πhψ,u− uh)
︸ ︷︷ ︸
I
+ ju(u − uh, ϕ− πhϕ)
︸ ︷︷ ︸
II
+ jp(ph, πhψ)
︸ ︷︷ ︸
III
.
wmº¶* C}uym}x2y e*¹}uy¹Ú3m¹At3uy[myxP3¥wÂÇ¨m w¥wÂô©Ãwm w§ÆV¤mªmÊ¶ymy
I ≤ |||u − uh|||u|||ϕ− πhϕ|||u + |(u − uh,β · ∇(ϕ − πhϕ))|
− 〈2νε(u − uh)n, ϕ− πhϕ〉∂Ω − 〈u− uh, 2νε(ϕ− πhϕ)n〉∂Ω
≤ C|||u − uh|||u|||ϕ− πhϕ|||u + C|||u − uh|||uh‖ϕ‖2,Ω
+ C‖p− ph‖0,Ωh‖ϕ‖2,Ω + C|||u− uh|||u‖h‖ψ‖1,Ω.
:¼ JMHFueeÍFu¶m}Ð¼ wÓÆÇTÉmÊ Í,ÆÇTÅmÊm wy¨mº H
II ≤ ju(u − uh,u− uh)
1
2 ju(ϕ− πhϕ, ϕ− πhϕ)
1
2
≤ C‖β‖0,∞,Ω|||u− uh|||uh
3
2 ‖ϕ‖2,Ω.
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A wmÃ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 wÓÆÚ¤ªmÊ,Ã¹Ôm3}uwy3}y[}x ¶<yuwnÌy
III ≤ jp(ph, ph)
1
2 jp(πhψ, πhψ)
1
2
≤ Cjp(ph, ph)
1
2 max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}
} 1
2
h
1
2 ‖ψ‖1,Ω
≤
C
ν
jp(ph, ph)
1
2h‖ψ‖1,Ω
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O(hk+
1
2 )
ym Ìymy Hy%m¹suy2y}¼ Ïuy
L2
 }x ¹Ô¨}uy2Ìmy[º×Ám wÁuy2y[ymÂ
wmº}m w¼}uHy%y[¼y¼t3uwymyx ¥HÂ ¤uw¶LLuw¶*uy §}uwyCy[}}yC¨ 
H1(Ω)m wPuy¨Ìmyº2º 
[H2(Ω)]d
¶y¨my* mºxPm
O(h)
y[}xPy¼ Öuyy y[}
 wmx ¶*uwy }uy
mH*y[e wms xCHy[<<º¶Ãe*%}"mºxPByTºxPy1m¹
O(h
1
2 )
¶*uy Ö}uy¨º[B*y 
 xCHy[3umu5Â`t3u3y1
}uy¼¹Úmuw}uwy¨ wm w}}y[ wy[ Öuy}yT}}y¼mºÐ[º 
"m}yT}uyy[ ymÖ wmxy[}xP}y¨¹Ô3}uyÌy×ºyTÂ
   ¬ 'Ô° ß ± A²°  ß ¯°T²­ ' m²° ã    ²±²% ß ° ß ±¯ ã ±*° ß    ®ßeà  ã 'ÚäA¯ §­ ß ±3± ß'   ß
A ¶3n§m¹1mF  §m Òy[}xPy®¶*uFuÒ%}xP3 Ò"}uÒ}uyumuÎmFyC}y[mx
y wÛ}uy
¶ mFy%}y[mx
y®¶*uy Ò}uy}yT}}yPCm wº
H1
}Ïx2º¹ÔÝ}uyFºÐT}m ÕHFx2yyF
§ºÌym e}mº XÝ} my[% }x  ÛuyuºuÎ*y[ m
 x%"y2ymx2ymÂÕ{µ Î}u2yT,º 
¶yÁm"}yÏ}wFu9 9m×y wºÌyÏ}ym¹FºÐ[}m  wmmx2y}y[[Â@ wyÏ}uyÏ}yTFu wy[Öm¹
w}¹¨y®y e}m}Ý}uey¹1}uyyÌmw
yT,º Ò¶y ºÕ} y}uyem¹ÚÂ F2¶<y
}P}uyy[Hy[ wy Hy¨¹5uy¼m"*y[ m< ewx%"yº ®}uy¨y[y¼mºÐ[}m ®m wP wy[
 w}yTm}y¼uyCmºÐ[}m m }uwy% wx
w}yT}}ºwº×m H×º 5Â*t3uL¶3nP}uy%}ºwºy }x ¶*º
"y%x2º w}yTe®}uy
H1
Í  }x º uy¶A*y w* x%"yLyºx2ym w®uy
H Ì Í wmx«º ÓuyPumuÕ*y[e wm x%"yyºx2yÂ wy
u ∈ [H2(Ω)]d
 w
p ∈ H1(Ω)
¶yPx%H
y¸}uwy
mºÐ[º Á¹s}uy
y[y Ïy[1 e1¹Ô1uyC wm w}}y[ wÂt+mF 
}xP×K¶*uy[ 9y[}xP} ÕuyÏw}yT}}yÁÌmy[ººÎmwº Õyx2®}uwy§}m y®m e}mLm¹
uyP wx
w}yT}}ºwº×Ý wº}m Ý%}yTwºy[6ÂPÜ º}uÓu%xÃ+¶yÖ wy[uyy2}uy®x
%2wyT
mºÐ[}m }yxPÃ¹Ô3}uymºÐ[}m ¹+uy wx
w}yT}}ºwº× w®}uyw}yT}}y
∑
K∈Th
γdivhK
∫
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|||vh|||
2
u
= ‖σ
1
2 vh‖
2
0,Ω + ‖ν
1
2∇vh‖
2
0,Ω + jv(vh,vh) + ‖|β · n|
1
2 vh‖
2
0,∂Ωin
+ ‖(γνν)
1
2h−
1
2 vh‖
2
0,∂Ω + ‖γ
1
2
nh
− 1
2 vh · n‖
2
0,∂Ω,
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σ
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2 h2 + max{‖β‖0,∞,Ωh, ν}
1
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‖∇ · uh‖0,Ω ≤ |||(uh, ph)|||u.
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(vh, qh) = (0, πh∇ · vh)
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‖∇ · uh‖
2
0,Ω ≤ ‖∇ · uh − πh∇ · uh‖
2
0,Ω + jp(ph, πh∇ · uh) + 〈πh∇ · uh,uh · n〉∂Ω .
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‖∇ · uh − πh∇ · uh‖
2
0,Ω ≤ ‖∇ · uh − π
∗
h∇ · uh‖
2
0,Ω ≤ ju(uh,uh).
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jp(ph, πh∇ · uh) ≤ jp(ph, ph)
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2 jp(πh∇ · uh, πh∇ · uh)
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2
≤ ε−1jp(ph, ph) + εC‖∇ · uh‖
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〈πh∇ · uh,uh · n〉∂Ω ≤ ε
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− 1
2 uh · n‖
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∂Ω + εC‖∇ · uh‖
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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(uh, ph) ∈ Wh
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|||u − uh|||u ≤ Ch‖p‖1,Ω
+ C
[ (
σ
1
2 +
‖β‖1,∞,Ω
σ1/2
)
h2 + max{‖β‖0,∞,Ωh, ν}
1
2h+ γdivh
]
‖u‖2,Ω.
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bh(y
π, eh) = −(y
π,∇ · eh) + 〈y
π, eh · n〉∂Ω
≤ ‖yπ‖0,Ω‖∇ · eh − π
∗
h∇ · eh‖0,Ω + C‖y
πh
1
2 ‖0,∂Ω‖γ
1
2
nh
− 1
2 eh · n‖0,∂Ω
≤ Ch‖p‖1,Ω|||(eh, yh)|||,
jp(πhp, yh) ≤ jp(πhp, πhp)
1
2 jp(yh, yh)
1
2
≤ jp(πhp, πhp)
1
2 |||(eh, yh)|||
≤ Ch‖p‖1,Ω|||(eh, yh)|||,
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yh = ph − πhp
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jp(yh, yh)
1
2 ≤ Ch‖p‖1,Ω + C(ν
1
2h+ h)‖u‖2,Ω,
jp(ph, ph) ≤ Cjp(yh, yh).
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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‖p− ph‖ ≤ Ch(‖p‖1,Ω + ‖u‖2,Ω)
  5C4
  {µ Ý}uy®x2yP}ºº%muyPem¹m¹3t3uwymyx ¥wÂô©ÃH  M<mm¥HÂ ©Á }(}uy
yy¨w}yT}}y¼ºy[ ex2w[Â

  9.)6	<	A  (.*G)+$ :	A
t3uwy<x2yuy[}y ey[%mHÌyuwA}mx2ymx2x2m %¹Ôy[}y[¶*×uCÌm}º wx%º}}[y<x2y}u
¹Ômy<y[x%º wÆÔÄO§ÊAmº e}wy[ ¾ô©¥ËbÂAÌmy[ umumwxP %y[}Ìmy<}
¹Ô}xC}y<2w º}y<yyx2y eAx
y}u%¶*uFu%AFy`¹ÔAmº*y w5 x%"yF+}uy<º e}y[}w}yº 
m¹+uyy[y¨mºÐ[}m x
y}uw}º PÀ1×F}Fuy"y¶<yT·ºPx2HeyT®"mw w®m wº}m m
x2y}uÏ¹Ôm¿5Ï yy[} wÂ(DL¶yÌy¨ º·y
}uyPÄ OÏÁ¶*uwyyC¶}[y[
Vh
 w
VH
y
m w}yy[6Ãmº Psy3uy2w w×y1yyx2y[ wy
Vh
yy[}y eFA}uy¼m %y[}mÌmyTCmºyLm w
}uy
å)(+*5åÙí
 
		
 !		#"$%'&('*)+-,.0/ ©m¤
  }w}wºy[ ¼ÌeºPmm Ö Ö}uwymºyT<}uw*m}y¼ *y[}mÌmyTPm 
Vh
Â`ÀLm}yC}uH3}uy
¶y[m·"m wwC wº}m ws¶*ºH,sPH wm}
m H×º w` 2}uy1uºuÖ*y w` x%"y
yºx2y H3 Íµ}ºm w×º w*¶*uy[ uy"m HÖnmyF3y}yTºÌy[ÖÌyÖx%HFu·mym y
¶mwÝº·y2}uy[x Ï½ Û¿5<BÂA*y[y e}§ÁÄOÏÝ¶3mm"}y[Ýw} Áy[}m Ýx2y}uw
¹ÔFx2y[¶<}·¾ô©m£nË Ât3uyy[
¶3mP¶<}·P ®¶P Byy e1mºyT
Vh
m w
VH
 wº e}wy}uy
y wy%x2y(m wºm Ï}uy 2w y[mºyTLyy[}y ey[½
Vh \ VH
Ât3uy%¹Ô}xC}m ½m¹1¾ô©m£TË
yT}}y emº
·y[s}uy¨¹Ô}x ¹ACm wF®Ñmºy[}· Ö¹Ômx%w}m P¹Ô
uh
wyx2y e}yTÖ¶*º}u}uy
y eLÌeºÖm} 2m Öm }uwy#2w yy[ }uy¹Ô}xm¹(m º}m wmB}y[}x
(νT (I − PH)ε(uh), (I − PH)ε(vh)),
ÆV¤£mÊ
¶*uwyy
PH
2}mx2yx2mÛ¹Ômx 2H ymºyTC}Óm}ymºyTÂ M<mx2w Ï ¶ ¶*×uÒuyyTmy
mºÐ[}m 
x
y}u2¶y*¶<
Fuweey
H = h
 w
ueH`xP·my3uy3}w}wºy[ <Ìe}º%mm 
 ½}uwyCy[L}uwm}y% ¨}yTºÌy[m uy2wy
Vh
Â A º ¿5y[x
xP¤ÂÇ¶<yCºx2x2y[}y
yL  yº*Hy[ wºÖ e}yyF}m ¹}uyyx/ÆV¤£ÊÃ¶*×u
PH
def
= π∗h
Ã
‖ν
1
2
T (I − π
∗
h)ε(uh)‖
2
Ω ≤
∑
K∈Th
∫
∂K
νThKJε(uh)K : Jε(uh)K ds
m w¶<y wwyuwL2"ywmx2yº 
yx¶<"y
jT (uh,vh) =
∑
K∈Th
∫
∂K\∂Ω
νThKJε(uh)K : Jε(vh)K ds
¶*uwyy<uyLFuy<m¹
νT
 w¶Ò`¼x2y[º }}ymÂ{ suwm
Hy3 m}y[Cuw`uyLFumy
νT = γhKºÌy[*H¼2yxE¶*uFu½¨m}ex2[ºy[eÌnmºy[ e1}Ö}uyCy[yCwººÐTº Hy[}Lw}º 
uy½¶*uºy½ºy[ e[Â9t3uPx2y[m w2}uHm eÎFumy¹
νT
¶*º}uXumuwyÖy[Pº 
hK
¶*º¼Hy
 wymmºyx
Hy[ÓÏuyy
By[,Pm¹L}uy½mºÐ Áyx2[Â wm2º HF wyÖ}uwy½x2mm} w}·e
y wysx2yemÌmy[ e
νT = Ch
2
K |ε(uh)|
y[ º }uy*2w y}[y[5xCw"y<y¸"y[}yT
Hy®mx2yyÏmx2 wy[Ý½}uwyÖFºÐ }y[}xPy¸y¶*uy 
|∇uh| ≈ h
−1
K
Â A  uy
 e}y[}yTº w}yÌn}m 
º 
u¹Ômx2y¶m·`}uw¹Ô}x@"m mx2wy[myy3u}y[y3}uy[}y*y¸
C1
}w}wmy1m¹
Vh
¶*º}uw}n¸xP}m Pw}Hy[ºyT¼ÆVF}} C¶*º}u}uwy¼y[Hy[LD1}ºy[uÍCM<ºmuÍ
tFuy}wmymÃ5}yy¾ºÇT¤nËÔÊ,Â
{ ¨¹Ôº¶L¼}uw}uyP}m}m ÝxPn½HyPyTmx2"}y[Ïº e} y
C1
wm
¶*uwFuÓ e}wFuy[§ÁuyÖFºÐ[º yxP wÝ w}uwy
C0
wm¶*uwFuÝHy[ wºÐ[y[6ÂÜ§y
m wºHy1uw}uwy¼x2yu®y[ uy}[y¼}ywm}m Pm"y}PFuwFm}y[}*¹Ôm3Ì}m wm
xCº}}[yx2y}uww6m"}y[ P¾ ©¥Ë¨Hº x2mmmFy[5}uy[5uw ¨uºy[mFuw(x2y[}uyTÂ
wmx2my
ymºy[Ówm Ó wy[} wº ÓÆÔmÊ¼yT,}m ÓwººÐ[y[+2w º}yPy[ºy[x
y[ e H
my¨y[w®}ºxC}m y[yP¾ ¤ËbÂ
 -/:$M3(#<%ÕA*):,	)
{µ Óu%}y[,º Õ¶<y®}y[H%}yÌyF` x2y[y¸Hy[}x2y e}uwCuw¶L}uy®mÝm Ìmy[}y wy
w}Hy[ºyT`¹6mwsFºÐ[y[ 2w º}y¼yyx2y esx2y}u6Â({µ Pwmm[Ã¶<y*y[Ìmy[(}uy1m Ìmy[}y wy
Fy[m yT ½y[}m ¥Â
* * æRSTEH
©¥ " @&   )     	 /K >
P  '< 
 )  
	   #')(   	
  *"&&)(   
¿+y
λ = (ν−1 − (ν−2 + 16π2)
1
2 )/2
Ât3uwy }uyy¸,L}m}m }ÁÆÇTÊ3mÌmy[ ÏÆVy[yP¾ ©eÈ[ËÙÊ
u1(x1, x2) = 1 − e
λx1 cos 2π x2,
u2(x1, x2) =
λx1
2π e
λ sin 2π x2,
p = 12e
2λx + C,
¶*º}u
β = u
Ã
σ = 0
m wÓ}mueuwm wÕ}y®x2Fu uyÖy¸,%}m}m 5Â{µ Õmwy¸x2y[[Ã
¶y®m}ÁFu}y
C
}ÁºÌyPÐy[}½x2y[m Õy[ymÂÜÝy}mÌmy[§u%myx!n¸ºxP}ÌmyÁ 
Ω = (−1/2, 3/2) × (0, 2)
Ã5w}º wº×ÏwFx2yyF1H FººÁwmmx2y}y[
γβ = γp =
γ = 1/100
m w
γβ = 1/10
Â+ÜÝyy[}y e<uyº}m wm ®¶<2"y[}y[ e3x2yTuyT3º L2w}y©C H
Ç{µ  2w}y¤2¶y}u¶}uy Ìmymy[ wy¼¹Ôm
ν = 10−4
Â
Aº}y2ÇKE(¿+y¹Ù0Em}y¨x
yTuÌy×ºyTÂ`*mue0E 2H yx2y[}uÌyº}y[
Amy©@E¿+y¹Ù5Em}y¼x2yTuy[ymÂ`*mue0E 2H yx2y[}uw}yT}}y
å)(+*5åÙí
 
		
 !		#"$%'&('*)+-,.0/ ©£
-6 -4 -2 0 2
-11
-10
-9
-8
-7
-6
-5
-4
-3
log( h)
lo
g(
L
2-
er
ro
r)
Velocity
Pressure
Aºy¤E!M<m Ìmy[}y wy1umP¹Ôm
ν = 10−4
 )    
	   #')(  	
  *"&&)(   
ÜÝym Hy< ¶ myx ÆÇTÊsº ®¤» ¶*×u®  Íbuwmx2my y[mw`"mw wP wº}m w[ÂAt3uwy¼ºue
uH wy
f
m w}uy"m HÖF2yFuw}y ® mFyPy w}y1uw*uyy¸mLºº m¹
ÆÇTÊ<*mÌmy[ Puy¹Ômº¶* 
y¸y[m §¾ºÇTÅnË8E
u1(x1, x2, x3) = be
a(x1−x3)+b(x2−x3) − aea(x3−x2)+b(x1−x2),
u2(x1, x2, x3) = be
a(x2−x1)+b(x3−x2) − aea(x1−x3)+b(x2−x3),
u3(x1, x2, x3) = be
a(x3−x2)+b(x1−x2) − aea(x2−x1)+b(x3−x1),
p(x1, x2, x3) = (a
2 + b2 + ab)
[
ea(x1−x2)+b(x1−x3)
+ ea(x2−x3)+b(x2−x1) + ea(x3−x1)+b(x3−x2)
]
.
ÆV¤mÉÊ
¶*º}u
β = u
Ã
σ = 1
Ã
ν = 10−4
Ã
a = b = 0.75
 w
Ω = (0, 1)3
}uyw ×1"ymÂ
t3uyPy[}º} ½ º wmyx ¶ºÌy[Ýn¸ºxP}Ìmyw}º uyÖwººÐ[y[ÝÍ
}y}y¨¹Ômx%w}m §ÆVÉÊÃu¶yÌmy[}uy"m HÖ wº}m w*¶yy} mPy ¹Ôy[6Â A º+ ewx
y[Í
m}y[2uHnÌmyHy[y XHy[¹Ô}x2yTÛw}º wÓm ¹Ô}x2 Ï y[mÖ wÎHmFJ2w º}y½y[ºy[x
y[ eC¹Ôm
Ìyº H}yT}}ymÃH wx2y
P1/P1
 w
P2/P2
ÆÔx2ºy[x2y e}yTÁ ÁÖ¤m»@}yTyTFFuyÖ¾ºÇT¦nËÔÊ,Â
t3uwymºÐ[}m wFx2yyFº ÌmºÌy[®º }uwy3x2w3}y[}xPÆÇ[ªÊm wÓÆÇmÇTÊ¶<y[}yFuey[ m
γp = γβ = γdiv =



1
8
×¹
k = 1,
1
32
×¹
k = 2,
* * æRSTEH
©mÉ " @&   )     	 /K >
P  '< 
 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1  1
er
ro
r
h
pressure L 
velocity H 
h
h 
velocity L 
2
2
1
2
Aºy¨¥ E*M<m Ìmy[}y wy1u}mE(º y[m3yyx2y e
(k = 1)
 1e−05
 0.0001
 0.001
 0.01
 0.1
 1
 0.01  0.1  1
er
ro
r
h
er
ro
r
pressure L 
velocity H 
h 
velocity L 2
1
2
h  5/2
h 3
2
Aºy£.E!M<m Ìmy[}y wy1umE(ewF}¨yyx2y eF
(k = 2)
{µ  2w}yT
¥Ým wK£Ï¶y}u¶Ãy[}"y[,ºÌymÃ`uy½Ìmy[º×Ûm wÛy[}}y Ìmymy[ wy®u}}y[
¹Ô
k = 1
m w
k = 2
ÂÕÀLm}y}uw[Ã Ò"uÎyTÃ(uy ewx
y[}m}mº Ûy¸uº
mºxPm
m Ìmy[}y wy1y[[Ãuy[ wyÃ mmyy[x
y[ e¶*º}u½t3uy[myxP¥wÂÇm w¥wÂô©Â
ÜÝy1}u¶Ãm  2wmy¼È1}uwyLy[y* mF( C¶"y[}y[ esx2y[}uy[LÆÚ¶*uFu2m}yLy,y[2 
2Hmy1ÉmÊsw}º %º y[msy[ºy[x
y[ e[Â(À1C}ºww}yT}}y*ºº wsm}yLw}yÌmy[5Â+ÜÝy¼y"m}s 
2Hmy1Åuy¼m e}¹B}uy¨yT wPx
"m wy es¹
uh
Ã
uh2
Ã¶*×u
γβ = 1/8
 w
γβ = 0
Ãmm Ö}uy
º wwm y
x = 0.5
Â A º}uwmuÁ}uwy
y¸m,}m}m §}x
m}uÁuy2¹uy2 wmºÐy[
}mº XÆÚ}mue,Ê¨y¸u×F%}ºwe}º}m w[ÂÀ1yP}uw}uwy®w}mHÌmy[ººÁe}º}m w
ÆÚ}mue,Ê<m}ymx2y}y[ºm e}ºy[®e®}uy}y[mx2º yÍµy[}Ì}Ìmysx2wÆÚºy¹ÙFÊ,Â
å)(+*5åÙí
 
		
 !		#"$%'&('*)+-,.0/ ©eÈ
AºyÉE!M<F}y¼x2y[}uÓÆV©¦e©¦%}y}FuyTPÊ HJ2H yx2y[}uÝÆÇ[¦mÉÉmªÅ}y}FuyTFÊ
Amy%ÈE`y[}}y e}mw5E`m}y1x2yTuÕÆÔy¹Ù,Ê* HN2w wyx
yTuÓÆÔmueFÊ
AmyÅ.E(Ä`yº§Æ
uh2
Êm e} 2º Pwm y=E`wººÐ[y[ÓÆÔy¹Ù,Ê,ÃH¶*×u
γβ = 0
ÆÔºu,Ê
{µ }uwyyTwy6¶y¨¶*5}y[myÃº ÕÆV¤mÉmÊÃ}uyy¸}yT}}m Ö¹Ô3}uyw}yT}}y¼
p(x1, x2, x3) =



2x2
º¹
0 ≤ x2 ≤
1
2
,
2(1 − x2)
º¹ 1
2
≤ x2 ≤ 1.
* * æRSTEH
©mÅ " @&   )     	 /K >
P  '< 
 0.001
 0.01
 0.1
 1
 0.01  0.1  1
er
ro
r
h
er
ro
r
pressure L 
velocity H 
h
velocity L 2
1
2
h   3/2
h   1/2
Aº}y¦E*M<m Ìmy[}y wy1umEA y[m*yyx2y e[Ã  Í }x2}uy[w}y
Amy2Ç[ªE;M<} P wy¨w}yT}}y=E(m}y¨x
yTu½m wN2H yx2y[}u
M<y[m}mÃH}uw1¹Ô w}m §C2wyT
p ∈ H1(Ω)
y[¼ ¨Hy[º Ö
H2(Ω)
Ã6}P}uH¶<y
yº 
uy*¹ÔFx2y¶m·¹+yT,º 
¥HÂ ©ÂAmyÇ[ª}u¶LAuyLy[w}y* e}mw` Ps¹6eFy* H
 2H y%x2y[}u5Â1|¼ wyx
}y w®w}mH*y[y}m w*m}ywy[}Ìy[6Â Aºy¦Öuw¶L3}uy
ÌyºÁ wÏ}yT}}yCm Ìmy[}y wy%umºyT1H º yTyyx2y eFÂCÜ§y2my¼uyÖ}Í mºxP
O(h
1
2 )
mFys¹Ôm<}uy¨Ìmy[ºº
º ®}uy
H1
B mx º ®}uyy¼¹5umuÖm"*y[ m< ewx%"yFÃ 
mmyy[x
y[ e1¶*×u§t3uy[myx ¥wÂ ¤Ât3uy
L2
Í  }x ¹uy
Ìmyº}y[1m Áuy%m}uy[¼uH wÏ¨º( 
¹Úms¹Ômx uy¨ew"m}x2m
O(h
3
2 )
 eÌymy[ wy*y[[Â A <y¸"y[}y[5Ã¶*uy Puy¨ºm6*y 
Ö¶.ÆÙ¹Ômº HF wy
ν = 0.1
Ê,Ã*¶y½}yTÌy2}uwyÁmºxPm
O(h)
Ã1}yy 2wmyÛÇmÇÂ¡{µ 9º}m 5Ã
y[,y[Ýº Õt3uy[myx«¥HÂ £Ã¶y2 y2}uw}uy®m Ìmy[}y wy%y[¹ÔmuyPÌmy[ººÁ Ó}uy
L2
B mx 
O(h2)
Â
å)(+*5åÙí
 
		
 !		#"$%'&('*)+-,.0/ ©m¦
pressure L 
velocity H 
h
h 
velocity L 
2
2
1
2
 0.0001
 0.001
 0.01
 0.1
 1
 0.01  0.1  1
er
ro
r
h
er
ro
r
Amy®ÇÇ=E M<m Ìymy HyumE*º y[m¼y[ºy[x2y e[ÃB m Íµ}x
m}u½y[w}yÃH¶¡º[(*y 
 xCHy[
pressure L 
velocity H 
h
h 
velocity L 
2
2
1
2
 0.0001
 0.001
 0.01
 0.1
 1
 0.01  0.1  1
er
ro
r
h
er
ro
r
Amy2ÇT©.E;M< Ìmymy[ wy¨umEA y[m*yyx2y e[Ã  Íµx2uy[}}yÃº}y w}ÌmywFx2yÍ
yF
A wºÃ2wyÇT©¨uw¶LA}uw`}uy1m×y wºÌy*FºÐ[}m 
wFx2y}yF(m"}y[Cº ÖyT,º 
¥HÂ ©ÂºÇ¨mÌmy}xP5 Ìmymy[ wy¼mFy¹Ô3}uyÌy× w®}uyw}yT}}ymÂ
  >@#<:)+
{µ C}uw(wmHy[[Ã¶y3m"}y<FºÐ[y[ 2H ×y*yyx2y e(x2y}uwC¹Ôuy3º yTºÐ[y[ wmx2y[y
À¼nÌºy[Íe}·myT*Æb|¨}yy   FÊ(y[ew}m w[Â(t3uy1x2yuÖ¶L`y[ewmwÌmy[º×eÍ }yT}}y3º e}y[}"mº 
m wºÌy[5}xP e}mmm¹}uy3}y[x2º wy<y[}Ì}Ìmys¹uy<ÌyºmÂ+t3uy3wº×m"y}}y[
m¹suy2x
y}uÝyCHm}y[Á Ým § e}y[}m¨Hy[ wº½yx«mÌº 
L2
Í m e}mA¹<}uy¨x2Ó¹<}uy
* * æRSTEH
¤ª " @&   )     	 /K >
P  '< 
y eÌmy e}y[}my[ºy[x2y e%y[my[[ÂÜ§y®}u¶ }uwC}wFuÛ½FºÐT}m ÓHy[}mxPnÝHy
HyTÁÁm e}(mº(uyP  Í }x2x
y}Q2wFy¨}y[}xP¹}uwy|¨y[y " y[ew}m w HÏuw
uy®mÌmy }Bm Ö¹A}uwyw}*¹+uym"yFm}uH*L * uy#2w º}yy[ºy[x2y e1HmyÂ({µ 
uLy[ w}y¼uym"}y[®x
y}uL
x
 xP+mºÐy[x2yuÝÆVy[y2¾ ÉËÙÊÂ
t3uyy[}y e¶<}·2y¸y w<uy}yTºy"m}}yTPº Ý¾ÇmÇÃBÇ[ªË6}C}uy%|¨}yy   <y[ew}m w<w}º 
yTew6y[3º e}y[}"mº m wJ2w º}yyyx2y[ 1}wy[m¹(m e®Hº x
By[[Â
|¼ ys¹e}uyxPmº m"y}}y[Bm¹}uyx2y}uB}uw+º+Ìmy[mx2y[B}mx2y` wyTFy(¹Ôy[}y[6m¹
.:L<Ñ¼Í º·mymºÐy[x2yu[Ât3ueHÃ Pm32Hm6Ìmy[ººeÍbw}yT}}y1º eÆÔy[}}y H
ÌyºFºÐ[}m w(m}yº Hy"y wy eL¾ ÅËÙÊA `}}%2H"m ww% wº}m w(yº e}wy[6Ã
m w®}uyxPmxP}º¸m "yºwx
"y[¹Ô*º¶mFy3yyx2y[ FÂ`t3u*}uwm ·}
}uwy¹Úm,*uw
wººÐTº 2eyT` ms}y[ºCm 
}uwy1m×º 
m¹"¶KmFy`y[ºy[x
y[ es}yTwm(m¹6ºyTms}ewm}yT
"ymÂt3uy
ywnx
y
my[Ïmwº ¼ Á}uwyCxP}º¸ÁyC}Cx2Ýmwº wÂt3uy
H w¶*uÏ¹`uy2}yx xP}×¸Áy[
ÆÔ¶*º}uÏy[}"y[,¼}½@:LÑÊ1 Á¶}wy%x2y w}m w
m w®}ºy[3 }uyy}wyºx2y[ wm HÂ
t3uym Ìmy[}y wy¼ H}<}u¶L<}uw3}uyx2yuuHmÆÚewÙÊ<mºxP5m Ìmy[}y wyLmÍ
y[ºyTÖ 9"}uº 9}uy
L2
Í  }xM w9º  uyÏy[ ymK }x'¶*uy 9}uyÓº}m  }@?Öy e}
y¨m¨}uyPm(Ly m¨ x%"y¶ÂCÜ uy[ §wue}[(y[C}y[mº}y[y
m Í
}yy[ÛÆ
p ∈ H1(Ω)
Ê1m w½uy
ºmALy m¼ x%"y¨¨umu+ÃHuy2m Ìymy HyxPnHyTmx2y
}Í m}x2m
O(h
1
2 )
Ãy*}uyL w w}}y[ wy[` 
}uy1}yT}}y*FºÐ[}m 5Â|¼ºxPHm Ìy}Í
y wy¼yx2nP"yy[Ìyy[2Pw}º w2m m×y wºÌy¨}y*¹AFºÐ[}m wFx2yyFÂ`x
y
 x2y[}m}yTw×Fºw}yTÝ}uyPuy}y}m}yTw×F wÕ}u¶y[ÝÌmy[}§mÝHy[¹Ô}xP HyP 
mº+}y[mx
yTÂ{µ ½wmmL¶ymw}yÌmyuw1 }uwyumuÁ*y[e wm* x%"y¼}y[mx2y}uy%Fuy[x
y
ymy[ yFy[1}}uwyCuy}y}m
O(hk+
1
2 )
m Ìmy[}y wy Ïuy
L2
 mx y[,y[§½}uy
uyÍ
}Ó ºÕ Ûuy½y¶*uyyÖuyy[y®
m 
H1
 wÎ¶*uy[}y®}uy}uwymy[y[,º 

O(h
1
2 )
Â DL¶yÌy¨}yTº }uwyP}yTº¨m¹¼¾ ÈTËm Ý(yyF Ïx2y[}uy[º%}yyxP¨º·y½}uw}uy
y[}ºCmF y[Îy®}uw5ÂÓ{µ ÎÏ¹Ôm}}uwmx2 ÏwmHy[C¶y¶*º*H}Cu¶ }Ýx2º wºx2Ðy}uy
xP}×¸Áwm w¶*}uÝ¶*uºy2yF º w}xP Ìmymy[ wy%}Hy[ºyT wÏy¸}y[ wÁuyP wmº}

}uyºx2yÍµy[Hy[ wy eLmwºy[xÂ
   #A72*L$M*C	)
t3uw<w"y¶3m<w}}C¶*º}y[ ®¶*uy1uy1uÖm}uwm¶sy[<m¹5}uwy¨zy ºM<y[ e}y3
uy ( my(me}yTFu wy [$[mºysy<¿+mw  yÃ[¶m·º w*¶*×uº C*mmFx¹Ôm+}uy<x
y[º Lm¹
[FÌn} w¶Ât3uwyswH¹}uwyszy my[ e}y+mFy¹ÔºmF· ¶*y[my[5Â5t3uy2wF
m}uwm<m}%F·e w¶*ºyTmyT`wH¹6{À1*{ A  usÌºsC*3|}y[mx L[ey wm}[Â
 D=APK¡*(L$  51
¿+y
(uh, ph) ∈W
k
h
Â º¶* ¾ô©ÇË5}uy[}yy¸
vp ∈ [H
1
0 (Ω)]
d }wFu}uw
∇ · vp = −ph,
‖vp‖1,Ω ≤ c1‖ph‖0,Ω,
ÆV¤eÈÊ
å)(+*5åÙí
 
		
 !		#"$%'&('*)+-,.0/ ¤wÇ
¶*º}u
c1 > 0
y"y wº P Öm 
Ω
Â mx Æ ÈÊ¶yuwnÌmy
A
(
(uh, ph), (πhvp, 0)
)
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